
Ergodic Theory and Measured Group Theory
Lecture 22

To get an idea of chat measured
group thug is

,
let's discuss

the following motivating question .

Question -1
.

For u -4m
,
can free

groups Fu
and Ifm have free

pup orbit equivalent actions ? In other words
, foray

nin EIN V14 ,
if pmp actions of Ifn and Fm induce

the same orbit g. rel . on 4,9) , must n=m ?

More generally , we can ask the following :

Rigidity Question . If an ey.net . E is induced by a tree

pup action of a ctbl group
it
,
how mad

about T does E remember ?

This is a typical guestion in measured group theory .



We can ask the same question as Question 1 but for free

abelian groups 2
"

.

Question? For n-th
,
mum

,
can 2h and I have orbit

equivalent free pup actions ?

Take 2 I 2? the orbits of a I-uh.eu are 2-lines ,
bite those af 2

"

are ZD - grids . Question 2 is asking
if it's possible to structure a. e. orbit both as a line

and a grid in a Borel fashion . Turns out tht yes , we can !

Theorem ( Elasticity of amenable
groups , Dye for 2-actions , Ornstein

-Weiss

for all amenable groups) . Ang ergodic free pup actions

of any two amenable groups are orbit qcirakut .
In other words

,
there is only one ergodic CBER

induced by a free pup action at an amenable grap .

Remark
.

A CBER is hyperfinite <⇒ it 's inched by a Beret

action d- 2
.

The above heaven says tht the orbit

eg.net . induced by a free p-p action of an



amenable
group can be inked by a action of 2

,

i. e. is hype finite lawd null) . tonnes , Feldman , Weiss
proved ht one can drop the pup assumption
to just measurable d The y.net . still is hyperlink
mod wall .

Open question / Beret . Does any Borel action of an amenable

group induce a hyperfinite eg.net .
Ino modding with all nh) ?

latest update . True for polycyclic groups ( abelian,nilpotent
, virtually nilpotent) .

Okay so the amenable groups are elastic
,
but our original

Hestia is for free groups ( not amenable).

Again ,
for if I IF} , having the same orbit ey.nl. mens

tht each orbit can be structured by both a 4-regular
4-regular 6-regular tree, I 6- regular trees

- The
Ft

If It ¥É¥ Keshia is wether it is possible ?
*



Rigidity to free groups
/ Gaboriah 19977

.

No
,
its.net possible

,
i.e.

if free pup alias of Fu al Fu are

orbit equivalent
,

then n=m
.

We'll work towards understudies how this was acsuered
,

but let's consider the rigidity for all innumerable groups .

f. Peltz b- uouapneuahk
Theorem ( Ioana 2007

, Epstein 2008) . If i is una-enable
,
then

it admits watiuuuu -may non - orbit -equiv . ergodic free

pup
actions

.

Ioana's result doesn't apply to general nonamenoble snaps
bend they may

not contain IF
> . However

,
one instead

use the following probabilistic solution to the Nag - vonNeumann
question :

theorem ( Gaboriau - Lyons) .

If i is won amenable
,
then the orbit

ey . rel . Ei of the Bernoulli action 1-1^(10,135×1)
contains a sub equivalence relation Ei, inked

by a free pup
action of lfz

.



+ avery clearer constriction

hi,✓iÉid to deduce the result for all
uouameuabk groups from Ioana 's theorem for B- IE

.

Graphing and cost
.

We go
back to rigidity question for free groups.

G. why Fr I IF
} are not isomorphic ? There are

many

ways to see kt IF} cannot be generated by <3

generators
,
i. e. rank ( IE) --2=13 - rant / It;) .

Oef . For a ctbl gp
T
,
rank lol is the uiaiuun number

of generates unfed to generate 1?

The idea is to adapt the notion of rack to orbit
og .

relations . To do so let' , view the rack as wiaiiuum

over all (a) leg gnphs at P of tz of the degree
of each vertex

. So we adapt the notion of castes

graphs to eq.net .

Def
.
A Boel graph G on a cot

. Borel space ✗ is just a



[

Roel subset of X' tht is ineffective lice
. tax> ¢-61

allundirected <⇒ syn- atrial . let Ea denote the

un-eckdwneg.net . If h is locally cthlli.es
ewh vertex has only cfhly -may neighbours) , thee

easy to see tht Ea is a CBER .

Couverslely , given a CBE R E on X
,
we call

a Beret graph a graphing of E if Ea=E.
"
Cagley graph


